A PROCEDURE FOR ELECYING
THE EXECUTIVE COMMITTEE
OF THE COVERNMENT DEPARTMENT

I escune we aim to elect an executive committee of eight
' Xepresantatives, including ac least four full professors, from a single,
department-wide constituency by proportional Tepresentation. Two types of
proportional -representation systea are videly used: party-list PR and the
Hare System (es.k.a. Single Transferable Vote). The system described here
is a version of the latter based on the so-called Saenatorial Rules,
originally devised for Irish Senate elections {Irish Senates [Proportional
Representation] Order, 1921 [Statutory Rules and Orders, 1921, No. 727)).
Unlike the simpler Ashtabula version, once widely used in U.S. cities (and
still used for University Council elections at U.T.), this one is designed
to eliminate (insofar n; practicable) all elements of chance, and it is
generally favored for small elactoratas. ’

1 do not contend that ths proposed system is immune from eriticism or
incapable of fmprovement, only that the Hare System fs the one pure P.R.
system in widespread use that does not depend on party labels, that the
Senatorial Rules constitute the most refined, chance-free version of tha
lllt; System fimplementad by a real polity, and that {t is easier at this
point in our department’s history to adopt an extant system than to try t:f
reach consensus on some innovation.

I briefly sketch the proc;edure and its rationale in section 1, fill
in some detaila (without mathenaticel precision) in section 2, and discuss
balloting {n section 3. In section 4 I offer a precise mathematicel

formulation (the first ever, and a prerequizite for computerized ballot



counting), ewsf t» sectlon 5 I add a propossl for £illing vacancies.

1. Skatch of the Svstex

When used to elect eight representatives at-large from a single
cnstitusncy, the Hare System works as follows: Every voter ranks tha
«indidates in order of preference, specifying his first choice, second
rhofce, third choice, etc. A voter need not rank all candidates: he i
free to specify just his §irst choice, just his first and second choices,
or the like. Any candidate receiving more than one-ninth of all first-
choice votes is elected. His “surplus” votes--the number he receives
beyond the minimum needed for election--ars then transferred to other
candidates according to his mxpporte_ta’ second preferences. Suei
transfers ;lighc increase the vote totals of additional candidates enough
to secure their election. If, after all possible transfers and elections,
some of the eight seats remain to be fillad, the candidste with fewest
first-choice votes iz deleted from every ballet, causing his supporters’
second choices to rise to first place. This process is reiterated until
eight candidates have been elected.

To ensure that at least t:o;xt roptcunutivoa‘ are full professors,
all candidates who are no% full professors are deleted from every ballot
once four such candidates have been elected, and when the number of full
professors remaining on any ballot is equal to 4 minus the number of full
professors so far elected, all full professors who remain on any ballot
are declared elected (and then deleted from every ballot before anyone {is

eliminated).



The cxt2seale for requiting an elected representative to gecure Roxe
than ong-vigsth of the total vota is that no more than eight candidates can
secure soc): smpport whereas it {s possible for nine candidates each to
secure just au?»ninch of the total vote.

Suppose th;te are thirty-five voters. Then any faction of four
voter: who pruvfer a given set of candidates to all other candidates can
guaraitee the slection of some candidate in that set. It {3 not necessary
that all four vorers rank the same candidate first.

Surplus votes are transferred to engure proportional voice. 1If, for
examile, efght voters ran; Prof. X first but just four of those first-
place QoCes were needed to secure his election, then Prof. X‘'s four
"sur-lus” votes are transferred to other candidates according to the
seccnd preferences of his eight supporters. That way a group of eight
vot.:rt ca.z;, in effect, elect two repressntatives, the number to which they
ar: entitlsd. Without the transfer, the eight voters could still elect
tid representatives by coordinating their votes. The transfer procedure
¢'imirates the need for such coordination.

if Prof. X i{s elected with a surplus and his supporteis all rank the
fame candidate second, that candi{dats will, of course, receive the entire
surplus. But what {f Prof. X‘s‘pﬁppOtters differ in their second choices?
Which candidates ger how much of the ‘surplus? Although different versions
of the Hare System handle this case in different ways, they are all based
on the same ideal: that Prof. X's surplus should be allocated in
proportion to his supp;rc.rs' second choices--which means, for exanplae,
that if one-third of his supporters rank Prof. Y second then Prof. Y {s

entitlad to one-third of Prof. X’s surplus. The Senatorial Rules achieve



this ideal  with mathematical precisfon. The Ashtabuia version

approximates the f{deal for large electorates, but not for small ones.

2. _Details

This sketch omittec o number of details, some of which distinguish
the sroposed system, based 2 the Senatorial Rules, from other versions of
the Hare Syatem. Here I di:cuss thoge details informally (or semi-
fornally), leaving a full and Precice formulation for ssction 4.

Votes are counted in steps. AL each Step, we are given a set of
billots--a ballot set, let Wis call it. Each ballot in the set contains a
ranking of candidates and a ¥alue (ox weight). Candidate x's vote total
~n a given ballot set 1s the yum of values of the x-ballots in that set--.
the ballots on vhich x is ranked first. as each step, ve do three things:
decide who, if anyone, is electsd at that 8tsp; decide whether that step
is terminal; and if 1t is not te:minal, txansforp the ballot set used at
that step into the ballot set to be uged at the next step (by deleting
certain candidates and, in some cases, changing the values of certain
ballots).

Some versions of the Hare ?jstem assign e value 1 to every initial
ballot. The Senatorial Rules (followed here) :3sign the value 100 to
every initial ballot: in effect, every voter casts ‘pp votes. Say there
are n initial ballots. Then' the gverall vote i{s n times the value of each
initial ballot, and the vote total needed for slection, ca’led the Dxoop
Quota, i{s the smallest integer greater than one-ninth of the ovarall vote.

So if the value of each infcial ballot 1s 1, cth. Droop Quota is the



- smallest i{ngmger greater than w3, ané ${f (a3 in the proposed system) the
“thy pmelleid=s,

value of esch initial ballot is 100, the Droop Quota igﬂ}OOn/9. Suppdse n
-~ 30. Thea Lf each {nitial ballot has the vazlue 1, the Droop Quota is 4,
but {f each hss the value 100, tha Droop Quota is 334. Bacause, as you
will see, the transfer of surplus votes can reduce ballot values, the
Senatowdml Rul:s make {t a bit easier for a candidate to achieve the Droop
Quota: 334 out of 100n is slightly less than 4 out of n.

Let q be the Droop Quota, and Suppose candidate x is elected at a
given step with a vote total ©q. Then x’s gurplus vote, which must be
transferred to sther candidates, is t-q. Some versions of the Hare System
require that t-v of the x-ballots be selected for transfer (to the second-
choice candidstes marked therecn)'g;;:nnggn. Only for large electorates,
however, are ranion samples likely to be fair, or proportional. For small
electorates 1ik. ours, rendom transfars would .often be grossly
disproportional :0 wvoter preferences vhile making electoral outcomes
highly sensitive to chance, thereby decreasing the 1likelfhood that a
recount of ballcis would yfeld the same result as the first count. The
Senatorial Rules lequitelinstead that t-q of %'s vote total be transferred
to other candidaus in exact proportion to the nusber of second-choice
votes each candicdite hes raceived from x‘s supporters. Assuming all x-
ballots specify uscond choice;, this means that the values of the x-
ballots are mult.p.ied by t-q/t, after which x (having been elected) is
deleted from every ballot, causing his supporters’ second choices to rise

to first place. The -otal thersby transferred is then
y

£-g . t = t-q, Jrecisaely x's surplus.
t

x (/5



To illustrate, suppose q = 400 and x 1s ranked firsc onxsix t;allots,
each with the value 100. and suppose y is ranked second on one of those
ballots, z on two of them, and w on three. Then x is elacted with a vote
total of 600, hence a surplus of 200 (600-400), and the value of each x-
ballot is reduced from 100 to 33 1/3 (2004600 ¢ 100), after which x is
deleted from all ballots, causing y to rise to first place on one of the
$ix ballots of x’s suppo;:ters. Z on two of them, and w on three. As a
result, y sicks up 33 1/3 votes, z 66 2/3, and w 100, for a total transfer
of 200 vot:s. By contrast, the random procedure might have transferred
oue ballot to y, one to zZ, and none to w.

If x is elected with vote total t but po x-ballot specifies a second
c¢aroice, ther, of course, no transfer is made. If some but not all x-
tallots specify second choices, the values of the x-ballots are
xnulciplit;d, not by t-q/t, but by t-q/t’, where t' is. the total value of
chose x-ballete that do specify second choices. This ensures that the
number of votes actually transferrad is t-q (x's surplus) rather than a
smaller figure. |

Now suppose two or more candidates achieve the Droop Quota at step k.
According to the Senatorial Rules (and, indeed, practically all versions
of the Hare System), only gngéf those candidates is elected at step k.
,}13 who achieve the quota at that Step must gventually by elected (unless
tha: prevents four full professors from being slected), but not at step k.
Whi:h one is elected at scop'k? The one with the maximum vote total, if
th.re is just one. If, however, several candidates are tied for maximum
voie total, the tie is broken by reducing the set of tied, to those among

th:m who had the greatest vote total at step 1, then (if a tie remains)



PagSe- to those with the greatest vote rotal at step 2, and so on
through szep k-1. Aﬁy remaining tie i{s broken randoamly.

Let me enticipate section 4 by stating this part of the procedure a
biti more forwally. Where a 13 a get of candidates and By,..., By are
ballot sets, let MAX(a, B1....., Bg) be the ressult of paring down a to the
subset of candidates vho each have the maximum vote total in By, then
paring down this subset to the gubset with the maximum vote total in Bsy,
and so on through B. If‘ B1,...., By are the ballot sets corrasponding to
steps 1 through k, and if at least one member of the set C of candidates
listed in By has a vote total (at step k) no less than q, then the
candidate elected at set k is a randomly chosen member of MAX(C, By,
By,.... Bx.1) (or the sole member, in case there is Just one).

If, et step k, ‘nere remain seats to be filled but no candidate has a
vote cot:o..l of at Jeast q, and if there are more candidates listed on
ballots at step k than unfilled seats, then (unless this violates the
four-full-professc: constrain:) the candidate with the lowest vote totgl
is eliminsted from everyone’s ballot, causing his supporters’ sacond
choices to rise to first place. But what if two or more candidates are
tled for lowest vcte total? According to the proposed procsdure, based on
the Senatorial Ru.es, such a t(.e. is broken as follows: UWe first select
those tied candidares who had the lowest vote total at step 1, then (if a
tie remains) those who had the lowest vote total at step 2, and so on
through step k-1. If this do'es no: completely break the tie, we examine
the ballots (at step k) on which the surviving tied candidates are ranked
first and select these tied candidates with the lowest second-preferencs

vote total in this subset of baliots, then those among the latter



candid.tes with the lowest thizd-preference ctotal, etc. (Here, and hsre
alone, 1 deviate from the Senatorial Rules, which do not look beyond
seconi-pge ference totals, because I see no reason to introduce chance
unles: iwcessary.) Only then do we break any remaining tie randomly.
Note ‘hat this procedure has the effect of first eliminating those
candiiates, L{f any, who are ranked first on po ballots.

Let me redescribe this eliminatfon procedure more formally. 1If a is
a set of candidates and By.,...,Bx ares ballot sets, let MIN(«a, By,..., By)
be the re:ult of paring down a to the subsst of candidates with the lowest
vote tot:l in Bi., then paring down this subset to‘t:he subset with the
low:st voue total in By, and so on through By, and let RED(a, B;) be the
re:ult of :sducing a to the subset of candidates with the lowest (first-
preference) vote total in 51.' then reducing ﬂ.\ls subset to the subset with
tle lowest sicond-preference vote total in B; (the lowest vote total after
111 first choices have beean deleted from the ballots in By), and so on
chrough third-praference totals, etc. 1If By,..., By are the ballot sets
corresponding to steps 1 through %k, a candidate is selected for
elimination at step k by narrowing the set C of candidates listed in By to
MIN(C, By, By,.... By.1), then to RED(MIN(C, By, By,..., By.1), B*l,
whe;:e B*k :s the set of ballots ‘1:\ By whose top-ranked candidates belong
to MIN(C, B, By,.... Bk.1),, and finally making a random choice (if need
be) from thic last subset.

Because a voter need not 'rank &l) avallable candidates, we might get
to a step at which some seats remain to be filled but no candidate can
possibly recsive a vote total of q. At that point, we continue to

eliminate candidates until those remaining on any ballot are equal in



nutber o rhe unfilled seats, and we declare all of them to be electad.

4. __Ballering

Balloting requiras constitutional definltions of "el{gible voter* and
“eligible candidate."

Some eligible voters may be unavailable because they i¢re on leave or
choose not to serve. The new by-laws might leave {t to an election
comuittee to decide who is available.

I puropose thar aach ballet paper contain an alphabecizai iist of
eligible, avaflable candidates wi{th a blank or box next to each name, plus

the following instructions:

Rsrk candidates in order of prefarence by uérking *1° next to
your first chofce, *2" next to Your second choice, 3" next to
your third choice, ete. You pgey assign numbers to all
candidates, but you need not de so. You @gy not assign tae sanme

numbes to two or more candidates, If you do, your rankiag froa

that point down will be ignored.

~

A

{ would collect ballots by giving every voter two envelopes, one
marked with the voter'sg nane, the other unmarked, and instructing him to
place his beliot in the unmarked envelope and the latter in the markea
envelope, sealing both envelogpes,

If a voter's ballot assigns the same number k to two or more

candidates, all candidates ‘with numbers > k should be deletad from that

-



voter's ranking. If all candidates were theraby deletsd, the ballot would
be invalid. Blank ballots, too, would be invalid. Only valid ballots
would be counted in reckoning the Dxnop Quoata.

1 would pot treat a ballot with nonconsocutive unbering «s invnlidi_
If, for exanmple, a voter asazigns 1 to Prof., X, 3 to Prof. Y, and 2 to no

cendidate, I would simply count Y as the voter's gecond choice.
4o Foxmal Dafinitfom of the Svstew

G.1.__Dats. The cuccome of the proposged system Jdepends on a set of
valid ballot pepars. a se: of candidares, a pavticion ¢f candfdates irro
Zall_professors aud othera, and e rapdom cholce function. RAND, which
chooses one member, RAND(a), from avery nenerpty idet a of cendidates. Ia
case a {8 a unit set, RAND(ec) s, of courge, the sole candidate therein.)
RAND might ba cperationalized by drsving lots, using & racdom-mumber

generator, or vhatuot. Dotails ars best left to an election committae.

4. 2. _Assurption. I assume thera are at least eight elizible,

svailable candidates, including - &t least four fuil professors, who are

each assigned a number on soms G&}id ballot papar.

4.3, _Defipitions. A precise statement of the vete-counting process

requires nine defini{cions:

q = the suallest integer > 130n, where n {s the number of
9
valid ballot papers.

A balloL {2 a peper (or othar comvenianc represencation) that



specifies (1) 2 finice (pessibly empty) sequence of candidates,

called a ranking, and (2) a ractional number, called a Yalye.
A ballot set 1s a filnics (pons;bly sopty) set of ballocs.
An x-bellot {s a bsllot on which candidate x is ranked first.

The yote total of candidate x in ballot set B in the sum of

values of the x-ballots (Lf any) comprised in 3.

C(B) ~ tha set of candidatss ranked- (at some leval) on some

ballot in ballot sec K.

KAX(a, By,..., By} is defined, for an arbitrary set a of
candidates and arbitrary ballct secs 33,..-, By, by the

following recursion:

MAX(a, B1) = (x ¢ a | for EVeIy Y € a, x's vote total

in 3; {s no less than y's)

MAX  («, By...., By, Bk+l) - MAX[MAX(a, Bi...., By),
Bye+y ! . '

MIN{(a, By...., 8x) is defined, for an arbitrary sat
a of candidates and Afbicrary ballot sets Bi..... By, by the
following recursion:
)
MIN(«, B1) = {xea | for avery yea, x's vote total in By s

0o graster than y’s)

11



MIN(a, By,..., By. Bysy) = MIGIMIN(a, Bp,.... By), Byyj

RED(a, B) is defined, for an arbitrary set a of candidates
and an arbitrary ballot set B, by che following recursion

{the recursion variable being the maximum number of candidates

ranked at any level on any ballot im B):

If at most one candidate occurs on any ballot in B, RED(a,

B) ~ MIN(«x, B).

Otherwise, RED(ax, B) = RED{MIN(«, B), B‘’], where B’ is the
ballot set obtained by deleting the top-ranked candidate

from each ballot in B.

4,4, The zrocedure. The vote-counting procedure consists of a
finite sequance of gtepg, each corresponding to a ballot set. Let By be
the ballot set zorresponding to step {. To define the procsdure, we must
define the initial ballot set, By, the set of candidates (1f any) elected
at each step, the terminal step, and for every nonterminal step i, the

ballot set B{4] corresponding to step 1+ 1:

By = the set of valid ballot papers, sach with the value 100.

x {s elected at step i if, and only {f, x ¢ C(B;) and at least

one of the following three conditions holds:

(1) x's vote total in By is at least q, and
x ~ RAND(MAX(C(Bg). By, By,.... By.1)]

12
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(2) The :

(3) Evary candidate has o Vets total lesgy than ¢ in Bi, the

the number of full professors 1, C(B;) s equal to 4 ginug
the number of full professors

elecced ar Steps 1 through
1-1

» And x {5 a fuli professor,

Step { g Letainal {f, ang on!

Y Lf, someone 3¢ elected at Step {
L]
and the number of candidates o

lected at sCeps 1 through § sg
e€qual to 8,

If Scep 1 1g nortercinel than Biyy is cbtained By o

uccessivaly
Performing che following four operations, andg

only them, on 8i:

(1) 1f EéelecCad 4t step { with vore tocal t > g, 4f ¢ is the
total value of those x-byl?

ots {n By thae specify a

Second-rankad candidate, gnd if ¢ » 0, uultiply the valye
of every x-bsllot in

Bidyt - q.
t'

{2) Delece, from every ballot in 8y, any candidate elected at
kY
Step |,

(3) If four non- full

d ac




(+) If no one is elected at step L, delete, from avery ballot
in By, RAND(RED[MIN(C(B;}, By, By..... By_y), By*]), where
Bi" = (E ¢ By | E 1s an x-ballot for some x e MIN(C(B;),

Bi' Bl"“' Bi-l”'
A candidate is glected if elected at some step.

Given our assumptions, the procedure must eventually terminate wita
the =l:ction of exactly eight candidaces, including at least four Fful:

proles:iors,

2. Vagancies

What to do if a vacancy occurs?

‘0o choogse a replacement by applying some wajoritarian rule to the
ori;iwal set of ballots f(or a new sat) would violate the objective of
prepoitional representation. Nor {s there any obvious, scraightforward
w2/ t¢ choose a ninch 'mnner:up' candidate when election results are
ctputed. Once eight candidates have each received a vote total no less
tan q, Lt is impossible for a ninth candidate to receive a votas Cotal of
G at any subsequent step. Besides, we may not know in advance whether a
replacem:nt must be a full prefessor.

My proposal: When a vacancy occurs, delete the representative who
vicated his seat (alonz with anyone else no lenger available) from every

14



valid initial ballot, then va-run the Vote-counting procedure un:il a
candidate (or a Eull-p;afesscr cand{dace, in case only three full
professors remain on the comaittee) is elected who was not originslly
eslected, and £111 the vécancy with hkim. If two or mcre such cand/dates
are elected ac the same step i, fill ths Vacancy with RAND[MAX(a By,
By,-.., B{.1)], vhere a - C(B;) 1f.£our full professecrs remain on cthe

committes, and otherwise o = {x ¢ C(By) | x 18 a full profagsor}.

Thomas Schwares
Departmant of Govermment
University of Texas
Apri. 1986
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