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Abstract

A scenario-based, multistage stochastic programming model is developed for the management of the
Highland Lakes by the Lower Colorado River Authority (LCRA) in Central Texas. The model
explicitly considers two objectives: (1) maximize the expected revenue from the sale of interruptible
water while reliably maintaining ®rm water supply, and (2) maximize recreational bene®ts. Input data
can be represented by a scenario tree, built empirically from a segment of the historical ¯ow record.
Thirty-scenario instances of the model are solved using both a primal simplex method and Benders
decomposition, and results show that the ®rst-stage (`here and now') decision of how much interruptible
water to contract for the coming year is highly dependent on the initial (current) reservoir storage levels.
Sensitivity analysis indicates that model results can be improved by using a scenario generation
technique which better preserves the serial correlation of ¯ows. Ultimately, it is hoped that use of the
model will improve the LCRA's operational practices by helping to identify ¯exible policies that
appropriately hedge against unfavorable in¯ow scenarios. 7 2000 IFORS. Published by Elsevier Science
Ltd. All rights reserved.
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1. Introduction

Until recently, surface waters in Texas have been managed primarily by individual river
authorities with the sole purpose of m`eeting demands within their own basin. Now, due to
rapid population growth in some areas with limited supplies, there is a growing trend toward
inter-basin planning and management. An example of this trend is a recent agreement between
the Lower Colorado River Authority (LCRA) and the Brazos River Authority to cooperate in
water planning in Central Texas (Two Water Authorities Pledge to Cooperate, 1995). Another
is the Trans-Texas Water Program, led by the Texas Water Development Board and sponsored
by several of the state's river authorities, which includes planning studies of ways to meet
growing water demands in cities such as Corpus Christi, Houston, and San Antonio. As
suggested by the name of this program, inter-basin transfers are among the options being
considered. However, it is likely that such transfers will occur only if they do not jeopardize
bene®ts in the basin of origin.
The LCRA is a water conservation and reclamation district cestablished by the Texas

Legislature in 1934. The district, shown in Fig. 1, is responsible for the control, storage,

Fig. 1. The lower Colorado river authority district.
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preservation, and distribution of the waters of the Colorado River in order to provide bene®ts
such as ¯ood control, electric power generation, water supply, recreation, and environmental
protection (LCRA, 1993). To accomplish these tasks, the LCRA owns and operates a series of
six reservoirs along the lower Colorado River. Only two of these reservoirs (Lakes Buchanan
and Travis) provide storage for water supply; the other four are essentially constant level pools
providing hydropower and recreational bene®ts.
At the beginning of each year, based on storage levels in Lakes Buchanan and Travis, the

LCRA determines the amount of water available to meet ®rm and interruptible water demands
in the coming year. Firm water is that which is diverted from storage under a contract or
resolution issued by the LCRA Board to high priority users such as the City of Austin.
Interruptible water contracts are issued on a shorter time scale (typically one year) with the
condition that supplies may be interrupted or curtailed in the event that ®rm supplies become
endangered. In allocating interruptible water, priority is given to irrigation operations
downstream of Austin on the Texas Gulf Coastal Plain. If it is projected that the availability of
interruptible water exceeds these irrigation needs, annual contracts can then be made with
other entities within the Lower Colorado basin. Finally, if the consideration of inter-basin
transfers becomes a policy of the LCRA Board, these may also be contracted at this time.

2. Stochastic programming approach

A scenario-based, multi-stage linear programming model is developed to support the
LCRA's decision of how much interruptible water to contract for delivery in the coming year.
In contrast to deterministic models, which select values of decision variables with perfect
knowledge of the future, scenario-based stochastic programming models consider a number of
possible futures. Essentially, stochastic programming models support the `here and now'
decision, while providing a number of `wait and see' strategies dependent on which scenario
unfolds. As such, an important requirement of these models is non-anticipativity: in each stage,
decisions must be made without knowledge of the realizations of random variables in future
stages.
Stochastic optimization models have been used in a number of reservoir operations studies.

Alternative approaches to scenario-based stochastic programming include stochastic dynamic
programming (e.g., Kelman et al., 1990) and stochastic optimal control (e.g., Hooper et al.,
1991). The primary advantage of scenario-based stochastic programming over these other
approaches is the ¯exibility it o�ers in modeling the decision process and de®ning scenarios,
particularly if the state dimension is high. One disadvantage, however, is that the resulting
math programming models can be very large, therefore requiring special solution algorithms.
Previous applications of two-stage and multi-stage stochastic programming to reservoir
management (Pereira and Pinto, 1985, 1991; Jacobs et al., 1995) have typically applied
algorithms based on the L-shaped method (Benders, 1962; Van Slyke and Wets, 1969). This
method is useful because it allows the large-scale problem to be decomposed by scenario.
Moreover, using the technique in a nested manner allows multi-stage problems to be
decomposed by both scenario and decision period (Birge, 1985; Gassman, 1990). Alternative
solution techniques for multi-stage stochastic programs include regularized decomposition with
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constraint dropping (Ruszczynski, 1986), decomposition via augmented Lagrangian methods
(Rockafellar and Wets, 1991; Mulvey and Ruszczynski, 1995), and direct solution by interior
point methods (Carpenter et al., 1991; Lustig et al., 1994).
Typically, as done herein, the underlying probability distribution is sampled (i.e., scenarios

are generated) prior to the solution procedure. Other approaches, such as sampling-based
cutting plane methods (Dantzig and Glynn, 1990; Higle and Sen, 1991; Infanger, 1992) and
stochastic quasi-gradient algorithms (Ermoliev, 1988; Gaivoronski, 1988), are based on
`internal' sampling Ð new scenarios are generated in each iteration of the algorithm. For more
discussion of sampling-based methods and other modern developments in stochastic
programming, the reader is referred to the review paper of Ruszczynski (1997) and the texts of
Infanger (1994), Higle and Sen (1996) and Birge and Louveaux (1997).

3. Model conceptualization and formulation

The water supply planning model is based on a simpli®ed representation of the Highland
Lakes system consisting of only the two storage reservoirs and two tributaries of the Colorado
River, as shown in Fig. 2. The ®rst-stage decision in the model is the quantity of interruptible
water to contract for the coming year. Subsequent-stage decisions involve monthly reservoir
releases to meet both ®rm and interruptible demands, as well as annual water contracts signed
in future years. Since maximizing the sale of interruptible water will likely con¯ict with other
planning goals such as maintaining lake levels for recreational use and storage for ®rm water
supply, the objective function is a weighted combination of two goals: (1) maximize revenue
from interruptible water sales minus penalties for not meeting ®rm demands and interruptible
contracts, and (2) maximize recreational bene®ts. Other purposes of the LCRA, such as
hydropower generation and ¯ood control, are not considered directly. Modeling to support
operation for these purposes must be done using a time step smaller than one month Ð

Fig. 2. Schematic of the highland lakes system.
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possibly a day or even a few hours. Nonetheless, ¯ood control is addressed implicitly in the
model by not allowing carry-over (month-to-month) storage in the ¯ood control pool, and
Martin (1995) has developed a methodology for meeting peak power demands without
signi®cantly a�ecting long-term water availability or lake levels.

A scenario in the model is considered to be a sequence of monthly `available' ¯ow values for
each of the above in¯ows, Q1, Q2, Q3, which is representative of ¯ows which could occur in
the future. Available ¯ows are de®ned as those which are in excess of environmental needs and
water rights senior to the LCRA's, as determined by a daily simulation model (LCRA, 1993).
For simpli®cation, ®rm monthly demands, the fraction of contracted interruptible water used
each month, and monthly evaporation rates are considered deterministic and set to average
values.

Monthly in¯ow data for Q1, Q2, Q3, for the period 1941±1965, which includes the 1947±
1956 drought of record, were used to generate scenarios. The cumulative distribution of annual
available ¯ows over this 25-year period (the sum of Q1 through Q3) is shown in Fig. 3. As a
®rst approximation, a scenario tree was constructed with ®ve branches in the second stage
(year 1), three branches in the third stage (year 2), and two branches in the fourth stage (years
3±5), as shown in Fig. 4. Flows were assigned to the branches according to the following
procedure. First, sort the 25 total annual ¯ows in order from lowest to highest. For year 1,
select an annual ¯ow vector [Q1, Q2, Q3] from each 20% quantile (approximately the 10, 30,
50, 70, and 90% ¯ows). Assign the vectors of monthly ¯ows associated with each annual ¯ow
vector to the ®ve ®rst-year branches emanating from the root (topmost) node of the tree. For
year 2, for each of the ®ve ®rst-stage branches, randomly select an annual ¯ow vector from the
0±35, 35±65, and 65±100% ranges of the annual ¯ow distribution, and assign the three
associated monthly ¯ow vectors to each set of the three second-year branches. Proceed
similarly for each set of two fourth-stage branches, choosing randomly from the 0±50 and 50±
100% ranges of the distribution of three-year ¯ows. For example, scenario 1 contains the ¯ows
from years 1950, 1962, and 1941±1943. Since this procedure is based on random sampling from

Fig. 3. Distribution of total annual available in¯ows to the Highland Lakes, 1941±1965. Min = 16,203 AF; median
= 622,268 AF; max = 3,276,807 AF (1 AF = 1234 m3).
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equal-size ranges of the probability distribution, it is assumed that each of the scenarios (paths
through the tree) is equally likely.
A favorable characteristic of this sampling procedure is that it preserves the historical spatial

correlation of in¯ows. Monthly serial correlation is also preserved, but annual serial correlation
is not, since the sequences in each stage are sampled independently of those in the preceding
stage. There is evidence that such random ordering can lead to less severe in¯ow sequences
than the historical order (Vaugh and Maidment, 1987). Furthermore, there is no guarantee
that 30 scenarios assembled in this particular manner can adequately represent the in¯ow
uncertainty. To address these potential limitations, sensitivity analyses are presented in a later
section.
Along with these concerns, it is also important to note the di�erence between the decision

stages in the model (`here and now', year 1, year 2, and years 3±5) and the operating periods
(each month). Implicitly, the model assumes that the ¯ows for the rest of the year become
known immediately after making the annual contract decision in the beginning of January.
This of course is not realistic, but it is believed to be a reasonable simpli®cation since releases
are driven by annual interruptible contracts and the (deterministic) ®rm demands. With this
assumption, the multistage stochastic program is now formulated. Indices used in the
formulation are listed in Table 1, variables in Table 2, and parameters in Table 3.

Fig. 4. Scenario tree for the multistage reservoir model.

Table 1
Indices used in model formulation

Index De®nition

t Operating time period (monthly), 1, 2, . . . ,T (T = 60)
t Contract time period (annual), 1, 2, . . . , dTeb12c
s Hydrologic scenario, 1, 2, . . . ,S (S = 30)
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Maximize

Z � coX1 � 1

S

XS
s�1

24 X�T=12�
t�2

coXts ÿ
XT
t�1

ÿ
ciUIts � cfUFts

�� o
XT
t�1
�REC1ts � REC2ts�

35 �1�

Subject to

S1t�1, s � S1ts �Q1ts ÿ
�
A1

�
S1t�1, s � S1ts

2

�
� B1

�
e1t ÿ R1ts 8t, 8s �2a�

S2t�1, s � S2ts �Q2ts �Q3ts � R1ts ÿ
�
A2

�
S2t�1, s � S2ts

2

�
� B2

�
e2t ÿ R2ts �2b�

Table 2
Model variables

Variable De®nition

X1 First-stage annual interruptible water contract amount (AF/year)
Xts t-stage annual interruptible water contract amount, t � 2, 3, 4
R1ts, R2ts Releases from lakes in period t, scenario s (AF)

S1ts, S2ts Storage levels in lakes in period t, scenario s (AF)
UFts, UIts Firm and interruptible supply de®cits in period t, scenario s (AF)
REC1ts, REC2ts Recreational bene®t of water in lakes in period t, scenario s ($)

Table 3
Model parameters

Parameter De®nition

co Price for selling interruptible water ($/AF)
ci Cost (penalty) for not meeting interruptible contract ($/AF)

cf Cost (penalty) for not meeting ®rm demand ($/AF)
K1, K2 Capacities of Lakes Buchanan and Travis (AF)
S10, S20 Initial storages in Lakes Buchanan and Travis (AF)

S1T, S2T Final storage targets for Lakes Buchanan and Travis (AF)
RESV Reserve storage (AF)
FIRM Firm annual demand (AF/year)

fit Monthly fraction of annual interruptible contract
fft Monthly fraction of annual ®rm demand
e1t, e2t Evaporation constants for lakes in month t

A1, A2, B1, B2 Storage-area coe�cients
F1t, F2t, G1t, G2t Recreational bene®t coe�cients
Q1ts, Q2ts, Q3ts Random in¯ows to lakes in period t, scenario s (AF)
a, b Equity and contract stability coe�cients

o Weight placed on recreation bene®ts
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R2ts �UFtsrfftFIRM �3a�

R2ts �UFts �UItsrfftFIRM� fitXts 8t, 8s, t 2
�
t

12

�
�3b�

RECitsRÿ Fit � Git

�
Sits � Sit�1, s

2

�
i � 1, 2, 8t, 8s �4�

RECitsRRMAXi i � 1, 2, 8t, 8s �5�

SitsRKi i � 1, 2, 8t, 8s �6�

S1ts � S2tsrRESV 8t, 8s �7�

S1ts
K1

r�aS2ts�
K2

8t, 8s �8�

1

S

X
s2S

SiTsrSiT i � 1, 2 �9�

Xt, srbXtÿ1, s t 2
�
t

12

�
, tr12, 8s �10�

Xt, s � Xt, s 0 , R1t, s 0 � R1t, s 0 , R2t, s � R2t, s 0 if s�t� � s 0�t�, 8t �11�

Xt, S1ts, S2ts, R1ts, R2ts, UFts, UItsr0 8t, 8s �12�
As discussed earlier, the objective function (1) includes two goals: maximize the revenue from
the ®rst year contract plus the expected revenue from future contracts, minus the expected cost
of shortfalls; and maximize recreational bene®ts. In this case, the two objectives cannot be
summed directly, even though a monetary value is assigned to each, for a number of reasons.
First, the LCRA attempts to set water prices so that their operating expenses are just
recovered, and these expenses may be signi®cantly less than the value of the water to its
customers. In fact, the penalty cost for contract shortfalls provides an upper bound on the
value of water for irrigation; it equals the `®ne' that the LCRA would pay farmers to
compensate them for lost crops. Second, irrigation is generally given priority over recreational
uses for historical reasons (LCRA, 1993). Thus, the objective function includes the parameter
o, which represents the value of recreation relative to interruptible water supply, and the
objective Z is the weighted sum of the two objective function values.
Constraints (2) are mass balance equations representing the physics of the hydrologic system.

In each time period, in¯ows minus releases and evaporation equal the change in storage in
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each reservoir. Evaporation is assumed to be a linear function of average reservoir storage in
each time period.
Demands and water supply de®cits are related to contracts and releases by constraints (3).

De®cits occur if releases from Lake Travis do not meet the ®rm and interruptible demands in
each period. Due to the inequalities, UIts is positive only if there is an interruptible water
demand de®cit, while UFts is positive only if there is a ®rm water demand de®cit (due to the
higher cost of ®rm demand de®cits, UFts will never be positive if UIts equals zero). These
constraints also allow for the possibility of spills occurring.
Constraints (4) and (5), along with the maximization of recreational bene®ts in the objective

function, allow recreational bene®ts to be approximated as piecewise linear functions of storage
levels (see Fig. 5). The coe�cients in these constraints are indexed by time since recreational
bene®ts accrue at a higher rate in the summer months. The values of the coe�cients are based
on a study of the economic signi®cance of boating visitation to the Highland Lakes, and
therefore do not consider non-boating recreational bene®ts of the lakes (U.S. Army Corps of
Engineers, 1994).
Reservoir storage constraints are de®ned by relations (6)±(9). Constraints (6) specify that

storage levels in each reservoir are not allowed to exceed conservation capacity at any time,
and constraints (7) prevent total storage in both reservoirs from dropping below a reserve
storage level at any time. For equity purposes, constraints (8) require the two reservoirs to be
drawn down by approximately the same amount. Finally, constraints (9) require the expected
®nal storage levels (at T = 60) in each reservoir to meet or exceed a speci®ed target level. The
purpose of these constraints on expected ®nal storage is to reduce end-of-horizon e�ects in the
model. Without it, the model tends to drain the reservoirs in the last time period, since there is
no value placed on storage beyond the planning horizon.
Constraints (10) require contracts from year 2 onward to equal or exceed some fraction of

the previous year's contract. This conforms with a secondary goal of the LCRA, which is to
maintain contract stability from year to year.
Constraints (11), written using the split-variable approach, are the non-anticipativity

constraints which prevent decisions from anticipating future years' in¯ows. These specify that
decisions must be the same for all scenarios (s and s ') which have the same data up until time
t. For example, with reference to Fig. 4,

X2, s � X2, s�1, s � 1, . . . ,5 �13�

Fig. 5. Recreational bene®t function, increasing linearly up to some maximum level.
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That is, scenarios 1 through 6 all have a common in¯ow history during year 1, so the
interruptible contract amounts at the start of year 2 must be equal across these scenarios.
Similarly, X3, 1 � X3, 2 because, at the start of year 3, scenarios 1 and 2 have the same in¯ow
history. For reservoir releases, ®rst-year releases from both reservoirs in scenarios 1 through 6
must be equal:

R1t, s � R1t, s�1 and R2t, s � R2t, s�1, tR12, s � 1, . . . ,5 �14�

Constraints (11) also hold for s � 7, . . . ,11; s � 13, . . . ,17; etc.
Finally, constraints (12) specify that all decision variables are non-negative.

4. Solution procedure

The multistage stochastic planning model (comprising over 25,000 columns, 14,000 rows,
and 70,000 non-zero elements) is solved using both GAMS/OSL (Brooke et al., 1992) and the
Stochastic Programming Interface to the Optimization Subroutine Library, SP/OSL (King,
1994). The model was initially coded in GAMS and solved as a single large-scale linear
program using GAMS/OSL. GAMS provided a convenient means of specifying the large
model in a compact way, and the pre-solve capabilities of GAMS/OSL (removal of redundant
rows and ®xing of variables summing to zero) were useful in reducing the size of the split-
variable model. Furthermore, multiobjective (parametric) analysis could be accelerated by
applying the primal simplex method repeatedly within a single GAMS program, thereby
providing an advanced basis start for each subsequent solve. Solution times on an IBM/RS
6000 were on the order of 6 to 8 CPU minutes for the ®rst solve (11,000±13,000 simplex
iterations) and from 60 to 90 sec for subsequent solves (1500±2000 simplex iterations).
Since many of the tasks related to the management of stochastic data structures, as well as

special solution algorithms such as Benders decomposition, are not supported by GAMS, SP/
OSL was also used to solve the model. The SP/OSL software library comprises portable C
language subroutines for initialization and data input, scenario tree generation, solution by
Benders decomposition, and user access to data and model results. The decomposition
algorithm uses various facilities of the IBM Optimization Subroutine Library Guide (OSL,
1991) and implements a number of enhancements to Benders' original algorithm (Benders,
1962). These include a multicut version of the algorithm, an augmented master problem which
includes the ®rst subproblem in order to generate better proposals, and the addition of a
simplex phase in the event that Benders decomposition is slow to converge. Specifying a
maximum Benders optimality gap of 1� 10ÿ6, this approach resulted in signi®cantly faster
`cold start' solutions than with GAMS/OSL. Cold start solution times ranged from 45 to 75
CPU sec on the same IBM/RS6000 (6 to 10 major Benders iterations, with 6000±12,000 total
simplex iterations needed to solve all subproblems and all master problems). It should be noted
that the decomposition technique will likely become substantially more advantageous for
scenario trees containing a greater number of nodes.
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5. Results

The data used to generate model results are shown in Table 4. The ®rm water demand from
storage, FIRM, is set to a value approximately equal to the City of Austin's current use. The
reserve storage level, RESV, is set to the value at which interruptible demands are completely
curtailed (LCRA, 1993). Results are generated for a range of initial reservoir storage levels and
a range of importance weights placed on recreational bene®ts. As shown in Fig. 6, the `worst
case' solution with respect to interruptible water contracts corresponds to low initial storage
levels and high recreational bene®ts. If average annual recreational bene®ts are to exceed $60
million, then the LCRA should contract no interruptible water in the ®rst-stage under any
initial storage conditions (since X1 = 0 for all initial storage levels). If recreational bene®ts of
only $55 million/year. are desired, but the lakes are only 70% full initially, the ®rst-stage
decision is also X1 = 0 (labeled as Solution C). However, in this case, this does not mean that
the LCRA should never contract for the sale of interruptible water: if year 1 turns out to be
`wet', the model calls for second-stage water contracts greater than zero. In any case, it is
important to note that no water contract de®cits occur in any of the model runs. The ®rst-
stage decision is always su�ciently cautious to prevent this highly undesirable event from
occurring.

Table 4
Data for the LCRA Highland Lakes system

Item Value

Cost coe�cients
co 4.50 $/AF

cf 600.00 $/AF
ci 120.00 $/AF
Reservoir storage data

K1, K2 918, 117 thousand AF
S1T, S2T 500, 700 thousand AF
RESV 200 thousand AF
Water supply data

FIRM 75 thousand AF
fit (January±December) 0.0, 0.0, 0.031, 0.089, 0.184, 0.231, 0.149, 0.165, 0.136, 0.015, 0.0, 0.0
fft 0.062, 0.062, 0.065, 0.077, 0.080, 0.095, 0.116, 0.122, 0.098, 0.083, 0.072, 0.068

Evaporation data
e1t (January±December) 0.08, 0.05, 0.18, 0.10, 0.14, 0.38, 0.66, 0.71, 0.43, 0.31, 0.22, 0.11
e2t 0.06, 0.02, 0.24, 0.10, 0.17, 0.35, 0.60, 0.63, 0.35, 0.26, 0.18, 0.08

A1, A2, B1, B2 0.02194, 0.01354, 2100, 1200
Recreational bene®t coe�cients
F1t, F2t (June±August) ÿ0.91, ÿ1.22
F1t, F2t (September±May) ÿ3.65, ÿ4.89
G1t, G2t (June±August) 0.00087, 0.00175
G1t, G2t (September±May) 0.00349, 0.00699
Equity and contract stability coe�cients

a, b 0.5, 0.5
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The distribution of second- and subsequent-stage water contracts from Solution C are shown
in Fig. 7. It can be seen that the second-stage decisions are still quite cautious, though not as
cautious as the ®rst-stage decision. 40% of the scenarios Ð those which have low in¯ows in
the ®rst year Ð call for little or no water to be contracted in the second year. Substantial
second-year contracts (from 400 to 600 thousand AF) are made only when in¯ows are
moderate to high in the ®rst year. On the contrary, the third- and fourth-stage decisions
appear rather reckless, with contracts as large as 3 million AF in some scenarios. Essentially,
these decisions are made with perfect foresight since the scenario tree does not branch after the
second year. The model can look ahead and see large in¯ows coming in years 4 and 5,
appropriately deciding to sell an immense amount of water. Again, this is not a major concern,

Fig. 6. First-stage contract decision, X1, as a function of recreational bene®ts and initial storage levels.

Fig. 7. Distribution of annual interruptible water contracts from Solution C (Recreational bene®t = 55 million/
year; lakes 70% full initially).
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since from the standpoint of decision support it is important only that the ®rst-stage decision
hedge appropriately.
To further evaluate the utility of this model for decision support, it is useful to look at

reservoir storage levels over time. Consider the solutions labeled A and B in Fig. 6. Solution A
calls for a large ®rst-stage water contract (X1 = 614,000 AF) at the expense of recreational
bene®ts, while Solution B calls for a small ®rst-stage water contract (X1 = 105,000 AF) so that
recreational bene®ts can be maintained at higher levels. For these two solutions, the 10%,
median, and 90% reservoir storage levels (in each time period) are shown in Figs. 8±11
From these ®gures, the end-of-horizon e�ects are quite apparent. In Solution A, Lake Travis

is severely depleted at the end of the horizon in most scenarios, since there is no value placed
on water supply beyond year 5. Meanwhile, levels in Lake Buchanan tend to drop in years 3
and 4, but increase in year 5 in order to meet the constraint on expected ®nal storage ((9)).
Lake levels generally remain higher in Solution B due to the high importance placed on
recreational bene®ts. However, as seen in the 10% storage trace for Lake Travis (Fig. 11),
there are still some rather reckless decisions in years 3±5. From these results, we can conclude
that the decisions from the ®rst and second stages of the model might be useful to the LCRA,
while the primary purpose of the last stage of the model (years 3±5) appears to be the
reduction of end e�ects.

6. Sensitivity analysis

As mentioned above, one limitation of this model is that the scenario generation procedure
does not preserve the annual correlation of in¯ow. Although the serial correlation coe�cient of
total annual available in¯ow is rather small (approximately 0.17), Vaugh and Maidment (1987)
found, for six-year sequences, that random ordering produces less severe sequences than does
the historical order. Doubts as to the reliability of model results also arise from the ad hoc
construction of the scenario tree and the relatively short record of observed ¯ows used.

Fig. 8. Lake Buchanan storage levels for Solution A.

D.W. Watkins Jr et al. / Intl. Trans. in Op. Res. 7 (2000) 211±230 223



To evaluate the e�ect of neglecting annual in¯ow correlation, model results are compared to
those using a new scenario generation technique that attempts to preserve the correlation of
¯ows across stages. This new procedure is based on the nearest-neighbor bootstrap (NNB)
algorithm developed and applied to hydrologic time series by Lall and Sharma (1996). Rather
than sampling ¯ows in a random manner, the NNB ®rst identi®es a set of historic `nearest
neighbors' to the current hydrologic state and then samples (with replacement) from their
successors in an attempt to preserve serial correlation. This approach is illustrated in Fig. 12.
Given a time series from t = 1 to 24, and assuming the stochastic process is adequately
modeled as an autoregressive lag-one process, the ®ve nearest neighbors to the time series value
at time t = 24 are marked with circles. A scenario or forecast for time t = 25 is generated by
sampling from the successors of the nearest neighbors, indicated by arrows.
Application of the NNB requires selection of the following: a `feature vector' which

characterizes the state of the system, Dt; the number of nearest neighbors k whose successors
will be considered for sampling; and a discrete `sampling kernel' to weight the likelihood of

Fig. 9. Lake Travis storage levels for Solution A.

Fig. 10. Lake Buchanan storage levels for Solution B.
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each successor being sampled based on the similarity of the nearest neighbor to the current
feature vector, Di (Lall and Sharma, 1996). In this study, the feature vector is actually a scalar,
equal to the total annual in¯ow, and a model order of one is chosen (i.e., it is assumed that
future annual ¯ows depend only on the previous year's ¯ow). Five nearest neighbors are
considered (k = 5), and the discrete kernel for sampling is de®ned as

K
ÿ
j�i�� �

1

jXk
j�1

1

j

�15�

where K�j�i�� is the probability that the successor of the jth nearest neighbor to Di will be
sampled. To construct a scenario tree, second stage sequences are sampled randomly, and the

Fig. 11. Lake Travis storage levels for Solution B.

Fig. 12. Example of the nearest-neighbor bootstrap. Nearest neighbors of the value at time t � 24 are indicated by
circles, and their successors are indicated by arrows.
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bootstrap procedure is applied at each branch in the remaining stages using the parent branch
to de®ne the feature vector.
To test the performance of the NNB procedure, 500 25-year sequences are generated, along

with 500 sequences of the same length using the original `random' sampling procedure (in both
cases, two single-year segments are followed by a three-year segment, as in the scenario tree).
One metric for comparison is the serial correlation coe�cient of annual available ¯ows.
Another, perhaps more useful, metric is the maximum cumulative de®cit from the median
annual ¯ow. For an n-year sequence, this maximum cumulative de®cit, Cmax, is computed as

C1 � max
�
0,MÿQ1

	 �16a�

Ct � max
�
0, Ctÿ1 �MÿQt

	
, t � 2, . . . ,n �16b�

C max � maxfCt:t � 1, . . . ,ng �16c�
where M is the median annual ¯ow, and Qt is the annual ¯ow in year t. The performance of
the two procedures based on these metrics is summarized in Table 5.
In general, the NNB procedure appears to outperform the random sampling procedure. As

expected, random sampling does a poor job of reproducing the annual correlation of ¯ows,
and it tends to generate sequences with smaller maximum cumulative de®cits than the
historical sequence. However, the mean maximum cumulative de®cit is only about 15% smaller
than the historical maximum cumulative de®cit. This may be due to the fact that there were
two short periods (1949±1951 and 1962±1963) in which the cumulative de®cit exceeded 100
thousand AF, and these periods might be sampled in the three-year segments. NNB does a
better job of preserving the annual correlation of ¯ows, and it actually tends to produce
sequences with larger maximum cumulative de®cits than the historical sequence. One reason
for this might be that the drought of record ended with a year of extremely high ¯ows.
More important than the performance of the two sampling procedures based on these

metrics is the sensitivity of model results to the scenarios generated. To evaluate this
sensitivity, model results with 20 scenario trees generated by NNB are compared to results with
20 trees generated by the random sampling procedure. These results are also compared to the
results from the original tree, as summarized in Table 6.
These results indicate that solutions are quite sensitive to the ¯ow sequences considered by

Table 5
Performance of the random and NNB sampling procedures

Mean annual
correlation

Mean maximum cumulative
de®cit (1000 AF)

Standard deviation maximum cumulative de®cit
(1000 AF)

Historical
sequence

0.173 2598 ±

Random
sampling

0.024 2229 1024

NNB 0.121 2827 1228
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the model. Both the values of the ®rst-stage decision variables and the optimal objective
function values can vary substantially depending on the in¯ow scenarios sampled. Solution A,
in fact, does not appear to be very representative of the other solutions from scenario trees
produced by random sampling. Although the ®rst-stage decision value of Solution A is well
within one standard deviation of the mean ®rst-stage decision value produced by either
sampling method, the Solution A objective value is about 1.5 standard deviations below the
mean objective value produced by random sampling. As expected, model solutions based on
randomly sampled scenarios hedge less and produce more optimistic objective function values
than those based on NNB-generated scenarios. Solutions based on NNB-generated scenarios
also demonstrate more variability, perhaps because the NNB scenarios themselves appear to
have more variable drought characteristics, as shown in Table 5.
The sensitivity of model results to changes in the structure of the scenario tree can also be

analyzed. Since SP/OSL provides facilities for selecting subsets of the nodes in the tree,
automatically adjusting the probabilities assigned to each branch, two additional scenario trees
are easily constructed from the `full' four-stage tree: (1) a three-stage tree with 15 scenarios, in
which ¯ows on the fourth-stage branches of the full tree are averaged; and (2) a two-stage tree
with ®ve scenarios, in which ¯ows on both the third- and fourth-stage branches of the full tree
are averaged. Models based on these trimmed scenario trees can be expected to provide more
optimistic solutions than the original four-stage model since their `futures' are characterized by
fewer, and less diverse, scenarios. This expectation is indeed borne out in the results. As shown
in Table 7 for two values of o, the fewer the stages and scenarios, the less the solution hedges
(i.e., the larger the ®rst-stage contracts), and the higher the optimal objective value.
Viewing Table 7 from the bottom up, the ®rst-stage solution appears to be converging as the

branches and stages in the tree are increased in number. This indicates that the structure of the
original four-stage scenario tree may be adequate for representing of the variability of in¯ows
observed in the 25-year record. Nonetheless, ensuring that uncertainty is modeled satisfactorily
for future decision-making would require a more in-depth investigation of a larger hydrologic
database for the region. Furthermore, before any actual decision is made, candidate policies
should be tested in a more detailed simulation model considering a larger number of in¯ow
scenarios.

Table 6
Sensitivity of model solutions �o and initial storage corresponding to Solution A)

Mean ®rst-stage
solution

Standard deviation
solution

Mean objective
value

Standard deviation of
objective value

Original tree (Sol.
A)

613.8 ± 17,559 ±

Other random trees
(20)

581.1 91.1 19,128 1084

NNB-generated

trees (20)

555.3 180.7 18,063 1275
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7. Use of model results

Currently, water management at the LCRA is based largely on deterministic analysis of
hydrologic conditions. In part, this is a consequence of not understanding the probabilistic
nature of the variables, as well as di�culty in deciding on acceptable levels of risk even when
probabilistic information is available. More importantly, the State of Texas, which regulates
surface water, requires the LCRA and other regional agencies to use the `®rm yield' concept
for estimating dependable water supplies. This approach considers the most severe historical
drought conditions as a worst-case scenario for estimating dependable water supply. However,
analysis of rainfall and other long-term data indicate that the historical critical drought for the
Highland Lakes has a return interval greater than once a century. Therefore, basing all water
supply operations on such an infrequent event could lead to operational practices which are
overly conservative.
As discussed in this paper, the LCRA has departed to some extent from using the ®rm yield

concept by allowing the use of interruptible stored water. Interruptible water is made available
only on an annual basis, and its sale must not impact the water supply available to meet the
®rm water demands expected over the next ten years. Thus, a probabilistic estimate of any
potential impact is bene®cial in deciding how much interruptible water to commit to supply for
the coming year. Use of a stochastic planning model can not only help to provide an estimate
of the risks involved, but also help determine contract amounts which hedge appropriately
against future in¯ow scenarios.
Using a stochastic model may also lead to more bene®cial use of available water resources

for some secondary purposes. Although water supply and ¯ood control are the primary
purposes for which the Highland Lakes were built, hydroelectric power generation and
recreation are important secondary bene®ts. The lakes can be managed to optimize the use of
water for these secondary purposes if it can be demonstrated that there is a low probability of
a signi®cant impact on water supply or ¯ood control. Thus, the stochastic planning model
developed in this paper may ultimately bene®t LCRA water management by helping to add a
degree of ¯exibility to their operating procedures.

8. Conclusion

A multi-stage stochastic programming model is developed to support the LCRA's decision

Table 7
Summary of scenario tree sensitivity analysisa

Model o � 0:2 o � 0:4

4-Stage (30 scenarios) 240, 55.9, 12.1 189, 58.3, 8.9
3-Stage (15 scenarios) 271, 56.0, 14.0 191, 58.3, 11.1
2-Stage (5 scenarios) 377, 56.6, 15.3 301, 58.6, 12.8

a Items are the ®rst-stage contract amount (1000 AF), total expected recreational bene®ts ($ million/year), and
total expected revenue from sale of interruptible water contracts ($ million).
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of how much interruptible water to contract each year. This type of model can provide
di�erent insights than deterministic optimization models which, in essence, assume that future
in¯ows are known with certainty. By explicitly considering a number of in¯ow scenarios, the
stochastic model can determine a contract level that balances interruptible water supply and
recreational goals while appropriately hedging against the e�ects of drought. However, care
must be taken not to overstate the bene®ts of the stochastic model, since it considers only a
moderate number of scenarios, and these are constructed from a rather small amount of
statistical data. Compilation of a larger hydrologic database, model formulation with a larger
scenario tree, sampling that preserves the serial correlation of in¯ows, and a decomposition
technique for model solution are recommended for improved results.
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