. Show alUa = a
. Sala Th 1.5.1
. Sa A
. Show Vx(x € ala < x € a)
Showb&ala—~b&a
Show —
b&ala
b&avb&a U, 7
9. Showb&a
10. b&a
11. b&Ea vE* 8,
10
12. Show <«
13. b&a
14. b&eavbeEa vl, 13
15. b&ala U, 14
16. ala=a Ext,2,3,4
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#4.
. Show alU(bUc) = (a Ub)Uc

1
2. SalU(bUc) Th1.5.1
3. S(alUb)Uc Th1.5.1
4.

Show Vx(x €aU(bUc) < x € (a
Ub)Uc)
5. Showde& aUbUc) —~d & (a

Ub)Uc
6. Show —
7. d € alU(blUc)
8. deavdeblUc U, 7
0. deav(deEebvdeEc)
U, 8 (replacement)
10. (deavdeEeb)vdec
Assoc.of v, 9
11. dealbvde&c U, 10
12. d € (alUb)Uc U, 11
13.  Show <
Similar

14. alUbUc) = (alb)Uc Ext, 2, 3,4



#12.

I.Showa-b Ca

2. Show Vx(xEa-b— x€Ea)

3. Showc&Ea-b—~>c&Ea

4. c&a-b

5. ce€a&céb Def -, 4
6. c€a

7.a-b Ca G 2, Th155,A
14.

Show a Mb =b MNa. Both are sets by
Th 1.5.3, so we need
Vx(x€aNb—x&DbMN a).

(—). Assumec&ab. Thenc&Ea

& ¢ € b, by M. By commutativity of

&,ceEb&c&a,socebMa,by

M.

(<) Similar.

So, aMb = bMNa, by Extensionality.



16. Assumea Ccandb Cc. To show
that a - b =a M(c-b), since both are
sets, we can use Extensionality.
(-)dEa-b. So,d€Ea&d&hb,

by Def. -. Sincea  Cc,d&c. Since
d€Ec& d&b,dEc-b, by Def. -.
Sinced€a&d&Ec-b,dEan (c-
b), by N.

(<) d€aNn(c-b). By N and Def.

-, weget:d€a&dEc&dEHD.
So,d€Ea&d&b,hencedE a-b.



22. Suppose thata Cb. To show that
aNc Cb N c,since both are sets by
Th. 1.5.3, it is enough to show that if d
calc,thend &b Mc. Suppose d
cafNc. Thendea&dec.

Sincea Cb,d&b. Sodeb&de

c. Hence,d € b M ¢, by N. Thus, by
C,aflc CbNc,

10. Suppose Vx(x € a — xMb = g).
Show that Ua M b = g. Suppose for
contradiction that c € Ua M b. Then,
by N,ceUa & cEDb. Since c €
Ua, thereisadsuchthatced & d
€ a (by Ul). By VE, since d € a,
dNb=g. Sinceced&c&b,cE&
dNb,by N. By =E,c E g. Butc &
@, a contradiction. Therefore, Ua Nb
has no members. Since it is a set, by
Th 1.4.3, it 1s identical to the empty
set. So, Ua and b are disjoint.



6. Assume Vx(x € a — Sx). Show a

» (Ua). Assume b € a. By hypothesis,

b is a set. Show: b cUa. Assume ¢
&b. Sinceb&a,c& Ua. So,b C
Ua,and b € @ (Ua).



8. Show g(a)U p(b) <C @p(aUDb).
Assume c € @ (a) U @ (b). So, either
ceE p@orce g(b). Case 1. c E
@(a). So,c Ca. Therefore,c Cal
b,andc & @g(aUDb). Case 2 1is
symmetrical.

10.Showa Cbiff gp(a) < o(b).

(—) Assumea Cb. Show @g(a) C

% (b). Assume c € @ (a). So,c Ca.

Sincea Cb,c Cb. So,c&E @ (b).

(<) Assume @p(a) C @(b).Showa C
b. Assume ¢ € a. Then, {c} Ca, and
{c} € p(a). Since p(a) < p(b),{c}

€ @ (),and {c} Cb. Therefore,c &

b.



Complex abstraction terms -- formation
rule

If t* 1s an open term which contains
free variables v ,...,v, and and @ 1s an
open formula with at most vy,..., v; free,
then:

{t* [Vla-"avi]: cp [Vla"'avj] }
1s a closed term.




Examples:

{D(X): x € a}
{<x,y>:x€a&ky€Eb}
{NX):xEa&c&x}

{<x,y>: xENR) &y € DR) &
Ryx}

{<x,y>: x €A &y€ENR) & Rxy}

{p(X): Xx € a}

{xUy:x,yEa&x#y}



C-Abstraction*.

A(c,...c)
t*(c,,...,.c) € {t*(v,..v) : A(v,..v) }

(Note: C-Abstr* 1s not reversible)

1C
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C-Abstr

ce {t*(v,... v):vE t&A(v,...V)}
dx,...3x(¢c =t*(x,...x) A(X,..X))

Here are some examples of using C-
Abstr:

aER&bES &aEhb
L <ab> e {<x,y>: xER & yES &

%Eéy}

acb

2. D) € {D(X): x € b}
aEb&c&a

S N@ELNX:XEb&cEx)

b&Ea
o b-'e{x-x&Ea}



Finally, some examples of C-Abstr in
the top-down direction:

ac {<xy>>xeER&yER}
coAxdy(a=<xy>& X ER &y ER)

ceE{N(y):yEb&aNy=g}
Sdy(e=Ny)&yEb&aNy=¢)
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